In this paper, we investigate inhomogeneous viscous fluid cosmology for inflation. Several toy models are presented in the attempt to analyze how inflation can be realized according with cosmological data by making use of an inhomogeneous EoS parameter for the fluid and/or by introducing a viscosity to have a graceful exit from inflation. The results will be compared with the ones of scalar field representation and discussed. We will pay attention on the possibility to recover the reheating and therefore the Friedmann universe.
Introduction
The discovery of the accelerated expansion of the universe [1] , and other evidences related to the existence of an early-time acceleration after the Big Bang, namely the inflation [2, 3] , suggest the presence of 'dark' fluids different to standard matter and radiation at the cosmological level. The origin of these dark universe contents remains unknown, and they may come from the theory of gravitation itself (modified theories of gravity [4, 5, 6] ), be in the form of the Cosmological constant (the simplest explanation for the current acceleration), have a scalar fields representation (the inflaton in the inflationary scenario), or be the effect of some non-perfect fluids.
In this paper, we focused our attention on the early-time acceleration that universe underwent at the time of the Big Bang. Inflation has been stated to solve the problems of the initial conditions of Friedmann universe (horizon problem, flatness problem): moreover, it could explain some issue related to the particle physics (monopole magnetic problem). Despite to the fact that the observations of the inhomogeneities in the present universe furnish several informations about the viable scenario of the primordial acceleration, the choice of the models is quite large.
The most popular inflation models are based on scalar fields representation: an homogeneous field (the inflaton), produces the acceleration under some suitable conditions. Following the first proposal of Guth [7] and Sato [8] , in the last years many of this kind of models have been investigated. Typically, the magnitude of the inflaton is very large at the beginning of the inflation, with several possibilities for the initial boundary conditions ("chaotic" inflation [9] ). At the end of the inflation the inflaton falls in a potential hole and starts to oscillate, such that the rehating processes take place [10, 11, 12, 13] . Some more complicated models are based on a phase transition between two scalar fields (hybrid or double inflation models [14, 15] ).
We also mention that until today, cosmological and astrophysical data seem to confirm the predictions of the so called Starobinsky model [16] , based on the account of R 2 -term as a correction of the Einstein equations: this model has a corresponding viable inflation in the scalar field framework according with the Planck data [17] , even if the very recent experiments on microwave radiation [18] seem to indicate some discrepances (see also Refs. [19, 20] ).
In this context, we would like to investigate some features of inhomogeneous viscous fluids in hot universe scenario, namely how inflation can be reproduced by using an inhomogeneous Equation of State parameter and/or some viscosity for non-perfect fluids driving primordial acceleration. The end of inflation will be also analyzed, with some consideration on the rehating phase and the connection between exit from inflation and Friedmann universe.
The paper is organized as follows. In Section 2, we give a brief review of inflation in scalar field theories. In Section 3, the formalism of inhomogeneous viscous fluids in flat Friedmann-RobertsonWalker space-time is presented and inflation in several toy models is investigated. In our analysis, we will try to give an exhaustive description of inflation induced by non-constant EoS parameter or by some viscosity which renders possible a graceful exit in Friedmann universe. We will see how the description of a viable inflation changes in inhomogeneous viscous fluid representation with respect to the scalar field one, and we will pay attention on the end of inflation: in the specific, the rehating phase as the production of matter particles or the conversion of the fluid energy in standard radiation are studied. In Section 4, to complete the work, we will see how it could be possible to unify in a unique fluid model the early-time with the late-time acceleration. Conclusions are given in Section 5.
We use units of k B = c = = 1 and denote the gravitational constant,
19 GeV being the Planck mass.
Inflation in scalar field theories
Let us review the dynamics of inflation in scalar field theories. The action of a canonical scalar field theory in curved space-time is given by
where σ is the scalar field subjected to the potential V (σ), g is the determinant of the metric tensor g µν , R is the Ricci scalar and M is the space-time manifold. We will use the flat FriedmannRobertson-Walker (FRW) metric,
where a(t) is the scale factor of the universe. The (homogeneous) scalar field σ, which is identified with the inflaton, is a function of the cosmological time only. Thus, the equations of motion (EOMs) are derived from the action as
where H(t)=ȧ(t)/a(t) is the Hubble parameter, the dot being the derivative with respect to the time, and ρ σ and p σ are the energy density and the pressure of the field σ, respectively
By combining the EOMs we also obtain the conservation law,
Explicitly, the equations of motion read
and the energy conservation law coincides with the equation of motion for σ,
where the prime denotes the derivative of the potential with respect to the field. The acceleration can be evaluated as
where we have introduced the so called "slow roll" parameter
Thus, in order to have an acceleration, one must require ǫ < 1. An other important slow roll parameter in studying inflation is given by
Generally speaking, the inflation is described by a de Sitter expansion, but, due to the perturbation of the field, the Hubble parameter slowly decreases and finally the inflation ends. The mechanism is the following. At the beginning, the field, which in the chaotic inflation is negative and very large, is in the "slow roll" regime,
namely its kinetic energy has to be small with respect to the potential. As a consequence, the field EoS parameter results to be
and the expansion is governed by the de Sitter solution with Hubble parameter
On the other hand, the magnitude of the (negative) field must slowly increases as
assuming V ′ (σ) > 0. Therefore, the inflaton rolls down towards a potential minimum where the inflation ends. It is easy to understand that in the slow roll regime ǫ ≪ 1 and |η| ≪ 1, and inflation ends when this paramters become of the order of the unit (when ǫ = 1, the acceleration goes to zero). After that, the inflaton starts to oscillate and the rehating processes take place.
The primordial acceleration can solve the problems of initial conditions of the universe (horizon and velocities problems), only ifȧ
whereȧ i ,ȧ 0 are the time derivatives of the scale factor at the Big Bang and today, respectively, and 10 −5 is the estimated value of the inhomogeneous cosmological perturbations. Since during radiation/matter eraȧ(t) only decreases of a factor 10 28 , it is required thatȧ i /ȧ f < 10 −33 , where a i is the scale factor at the Big Bang (it means, at the beginning of inflation), and a f is the scale factor at the end of inflation. Furthermore, for a de Sitter expansion whereȧ f /ȧ i ≡ a f /a i , we may introduce the number of e-folds N as
and inflation is viable when N > 76.
The amplitude of the primordial scalar power spectrum is given by
and from slow roll paramters one gets the spectral index n s and the tensor-to-scalar ratio r,
The last results observed by the Planck satellite are n s = 0.9603 ± 0.0073 (68% CL) and r < 0.11 (95% CL). In general, the inflation models built on flat potentials, well satisfy this bounds. However, very recently, the BICEP2 experiment [18] has detected the B-mode polarization of the cosmic microwave background (CMB) radiation with the tensor to scalar ratio r = 0.20
and the case that r vanishes has been rejected at 7.0σ level. Thus, the viable models of inflation may have to produce such a finite value of r.
Fluid models for inflation and reheating
Let us consider an inhomogeneus viscous fluid whose Equation of State (EoS) assumes the general form [21, 22, 23, 24] ,
Here, ζ(a, H, ...) is the bulk viscosity, and may depend on the scale factor, the Hubble parameter and the derivatives of Hubble parameter. Also the EoS parameter of fluid, ω(ρ), may be not a constant and has a dependence on the energy density in the case of inhomogeneous fluid. Moreover, in order to obtain the positive sign of the entropy change in an irreversible process, ζ(a, H, ..) has to be positive [25, 26, 27] . By introducing this fluid in the background of General Realtivity, the Friedmann equations for flat FRW metric (2) read
and the energy conservation law of the fluid assumes the forṁ
We want to stress that the formalism of viscous fluid cosmology may be extended to other theories for inflation. In particular, almost any modified gravity theory can be encoded in a fluid-like form to get at least some intermediate useful results [28] . For example, for F (R)-gravity whose lagrangian is given by L = F (R), F (R) being a function of the Ricci scalar only, the FRW equations of motion can be written in the usual Friedmann-like form (21) by introducing an effective viscous fluid whose effective energy density and pressure read
and obey to the EoS (20) with ω = −1 and
In the above expressions, the pedex 'R' indicates the derivative with respect to R.
Let us see some instructive examples of inhomogeneus viscous fluid cosmology applied to inflation.
3.1 Fluid model with ω(ρ) = − ρ ρ+ρ * for inflation and reheating Let us start from an inhomogeneous fluid with zero viscosity (ζ(a, H, ...) = 0) and EoS parameter in the form
where ρ * is an (effective) energy density at the scale of inflation (ρ * ∼ H 2 * /κ 2 ). We get
When 1 ≪ ρ/ρ * (it means, κ 2 ρ * ≪ H 2 ), we get the de Sitter accelerated expansion of inflation,
where H 0 is a constant fixed from the boundary conditions of the fluid and in general H 0 ≪ M P l to avoid quantum corrections to gravity, M P l being the Planck mass. From the conservation law (22) we also obtaiṅ
such that we finally have
where we have set ρ = 3H 2 0 /κ 2 at t = t i , t i being the initial time of inflation, and we also have implemented the following expression of the scale factor,
which has been derived by taking ρ at the first order of (t 0 − t) and therefore by integrating the first equation in (21) . We normalized a(t i ) = 1, since any constant factor in front of a(t) can be absorbed by the constant term of ρ above due to a rescaling of it. The universe is in a de Sitter phase as soon as (t − t i )κ 2 ρ * ≪ H 0 , but when the time increases, the energy density of fluid decreases and the universe exits from inflation. Thus, the duration of inflation can be estimated as ∆t ≃ H 0 /(κ 2 ρ * ), and since the N -folds number (16) reads N ≃ H 0 ∆t, one finally has
The de Sitter Hubble paramter H 0 depends on the initial value of the fluid ρ i (= 3H 0 /κ 2 ), and at the beginning of inflation must be
By taking into account that N > 76, we get ρ i > 228ρ * . This result can be directly aquired by using (16) which leads to
in agreement with (33) . The slow roll parameters (9)- (10) are given by
where in order to evaluate η we have used (30) in the first equation of (21) . Some remarks are in order. For a fluid model, since N ≃ H i ∆t and ∆t ≃ t f ≡ ∆ρ/ρ ≃ ρ i /ρ i , by considering that ρ/ρ ∼ H/Ḣ, the N -folds number results to be
The power spectrum (17) and the spectral indexes (18) read
For example, for N = 76 (which corresponds to an initial value of the field ρ i = 228ρ * ), we obtain n s =≃ 0.967 and r ≃ 0.105. The fluid model permits to have a tensor-to-scalar ratio r much largr with respect to the scalar field models where r ∼ N −2 , such that we still are in agreement with Plank data and closer to the BICEP2 results (19) .
Let us see now what happens at the end of inflation, in the limit ρ ≪ ρ * . In this case, ω(ρ) ≃ 0, but in principle the model can be easly rewritten for any desired EoS fluid-parameter after inflation. If we want to obtain a generic ω = ω eff , ω eff being a constant, we redefine (26) as
such that ω ≃ −1 when ρ * ≪ ρ and ω ≃ ω eff when ρ ≪ ρ * . The analysis of inflation is the same of above, since Equation (29) is still valid. However, a perfect fluid in expanding universe cannot lead to the rehating process after inflation: therefore, the reproduction of the standard radiation and matter dominated universe is not possible, being all the contents of the universe shifted away during the strong accelerated expansion of inflation.
In the scalar field theories, after the inflation the inflaton starts to oscillate. Thus, due to a coupling between the inflaton and the matter field, the creation of particles takes place during this oscillations. Here, the coupling between inflaton and matter field must be replaced by a coupling between curvature and matter field and, as it has been shown in Ref. [29] , if the Ricci scalar oscillates with decreasing amplitude, the rehating is possible.
To obtain the oscillations of the Ricci scalar, we must modified the energy conservation law of our fluid. For the sake of simplicity, we take the case ω ≃ ω eff = 0, namely (26) when ρ ≪ ρ * , and we introduce a viscosity term as in (20) in the following way,
where
Here, H 2 * corresponds to H 2 * = κ 2 ρ * /3, such that the viscosity vanishes during inflation, when ρ * ≪ ρ, and tends to −3Hf (H,Ḣ,Ḧ) when ρ ≪ ρ * . For our purpose, we assume the following form of f (H,Ḣ,Ḧ), 
Thus, by using the first equation in (21), we geẗ
whose solution is given by ρ = ρ 0 e −γ t cos 4 mt ,
where ρ 0 is a positive constant. It follows from this expression,
where we have considered 1 ≪ γt, namely H 2 ≪ |Ḣ|. The scale factor behaves as
where a 0 > 0 is a generic constant. The solution is for expanding universe (H > 0, a(t) real and positive) and the energy density of the fluid decreases with the expansion as ρ ∼ log[a(t)/a 0 ] 2 > 0. The reheating mechanism at the origin of the particle production takes place during the fluiddominated stage. In this case, we can write the following equation for a (bosonic) particle field χ with mass m χ , χ − m
where we introduced a coupling between the particle field and the Ricci scalar through the coupling constant ξ. For a single mode of χ with momentum k, namely χ k , this equation becomes on FRW space-timeχ
Following Ref. [29] , we introduce the conformal time η = a(t) −1 dt and the field u k ≡ a(t)χ k , and we derive d
where m eff is an effective mass,
In this way, since the effective mass of u κ depends on the Ricci scalar, the solution of equation (49), and therefore χ k , namely the number of massive particles, changes with the time. In this case it is possible to obtain the rehating during the oscillations of the Ricci scalar [29] , as soon as the solution is supported (in our case) by the viscous fluid. After the particles production, it is expected that the universe enters in the radiation era and the Friedmann universe is reproduced. As a final remark, it is interesting to note that also in the case ξ = 0 the effective mass (50) still depends on R.
Fluid model with viscosity ζ(H) = e −(H/H * ) f (H) for inflation and radiation era
In this Subsection, we would like to see how the viscosity may realize a graceful exit from inflation. Differently from the previous case, we assume ω(ρ) ≡ ω = −1 constant in (20) . Inflation is realized when the viscosity is negligible, and we take for viscosity the following form
where H * is a constant Hubble parameter at the end of inflation and f (H) is a suitable function to be determined. One has
We must analyze the model in the two asymptotic limits. When 1 ≪ (H/H * ), the solution of the Friedmann equations (21) is given by
a 0 , ρ 0 being constants eventually related to each other. We exclude the case ω < −1, for which, in order to maintain the positivity of the Hubble parameter, we shall introduce an integration constant as
where 0 < t 0 is a fixed time and t < t 0 . However, in such a case, 0 <Ḣ and the Hubble parameter increases, making impossible the exit from inflation with the viscosity.
The solution (53) shows an initial singularity at t = 0, which can be identify with the Big Bang. The acceleration is realized in the quintessence region,
In order to correctly reproduce inflation, the solution must be close to the de Sitter one (i.e. ω close to minus one). In the limit (H/H * ) ≪ 1, the viscous term grows up and by combining the first Friedmann equation in (21) with the continuity equation (22), we geṫ
Thus, if f (H) is constructed in the following way,
at the end of inflation the fluid turns out to be a (perfect) fluid with EoS paramter ω eff : by putting ω eff = 1/3, we may recover the radiation/ultrarelativistic matter universe of the Standard Model without invoking the reheating, since is the energy density of fluid itself wich converts in radiation.
The slow roll paramters ǫ (9) and η (10) for solution (53) are given by
and we see that, as we stated above, inflation is viable only if ω is close to minus one and ǫ, η ≪ 1.
To measure the N -folds number we cannot use such paramters, since they are constant. It does not mean that the quintessence solution is stable, since the viscous term (51) slowly changes with the decreasing of the Hubble parameter, making at some point the expressions (58) not still valid. We could reasonably assume that the universe exits from inflation when H/H * ∼ 1. Since we are not dealing with a de Sitter solution, the N -folds number must be derived from (15) as
where t i , as usually, is the time at the beginning of inflation and t * is choosen like H * = 2/[3(1 + ω)t * ]. This expression corresponds to the one in (16) when ω is close to minus one. We note that in this description the N -folds number, and therefore the time of inflation, do not depend on the parameters which describe the quasi de Sitter expansion. In this way, we can reconstruct every values for spectral indexes. The power spectrum (17) results to be
and for spectral indexes (18) one gets
We see that in order to satisfy the last BICEP2 results (19), we could require ω ≃ −0.992 > −1.
In this case, the ǫ, η ≃ 0.012 slow roll parameters (58) remain very small, being the solution a quasi De Sitter. Note that in the above expressions, (1 + ω) > 0.
Fluid model with
As a last example, we would like to present a model of fluid whose inhomogeneous EoS parameter brings the universe to expand with a quasi de Sitter solution (look also Ref. [30] ) reproducing the phenomenology of inflation. In the previous case, a viscosity term was necessary to change the Equation of State of the fluid and lead to the exit from inflation. Here, the effective EoS parameter of the fluid itself slowly changes during inflation and brings to a decelerated phase. Moreover, the presented solution will be an exact solution of the model, without making use of any approximation. Let us assume the following (suitable) class of Equations of State (20) for inhomogeneous fluid, 
The solution of this equation may describe a quasi-de Sitter expansion for inflation. As an example, let us take n = 2 (such that
. We obtain for expanding universe (H > 0),
with 0 < t i the fixed time at the beginning of inflation and C 0 a fixed parameter (
, one gets the quasi de Sitter solution,
In the above expressions, we see that C 0 , B 0 must be negative in order to have the slow decreasing of the (real) Hubble parameter during inflation. The inflation ends after the time
We are assuming that ∆t < −1/B 0 during inflation: the Hubble parameter in (65) has the typical values on inflation scale and to small value of |B 0 | corresponds small value of |C 0 + A 0 |. Now we can calculate the N -folds number (16) as
This expression holds true in the case of fluid models, where N ∼ 1/ǫ, as we have remarked in §3.1. The duration of inflation must be at least of ∆t = 76H
The slow roll parameters (9)- (10) result to be
such that during inflation
where we have considered B 0 ≪ H 0 in the expression for η. Therefore, the slow roll conditions are well satisfied. The power spectrum (17) reads
and the spectral indexes (18) are given by
For N = 76, this indexes read n s = 0.882 and r = 0.211 and the results of the last BICEP2 experiment can be realized from the model. On the other side, for larger values of the N -folds number we obtain n s and r closer to one and zero, respectively, in the range of the Planck satellite data. At the end of inflation, the fluid model enters in a decelerated phase (when ǫ > 1): therefore, solution (64) reads in the limit
which implies ρ ∼ log[a(t)/a 0 ], where a(t) has a minimum at a(t) ≃ a 0 when t → ∞. The fluid energy density disappears in expanding universe, but a process of creation of particle is necessary to recover the Friedmann universe. In § 3.1 we have discussed the problem, showing how with a suitable viscous term appearing at some small Hubble parameter scale, oscillations of the fluid can generate the oscillations of the curvature at the origin of the reheating. Similar process can be extended to any fluid. For example, for the fluid under consideration in this paragraph, it is enough to add to the viscosity (40) some counterterms of the Hubble parameter (remember that ρ = 3H 2 /κ 2 ), to cancel the pressure (62) and reduce the analysis to the one of § 3.1.
Inhomogeneous fluids for early-and late-time acceleration
Many attempts have been done to unify inflation and the dark energy dominated epoch of current cosmic acceleration (see for example the first attempt in F (R)-gravity in Ref. [31] ). Here, we would like to conclude our work at a qualitative level, showing how it is possible to obtain an unified description with an inhomogeneous fluid-representation. A toy model can be recovered by starting from (37) , which is in fact a generalization of (26) . Let us suppose to have an inhomogeneous fluid whose EoS-parameter is given by
where ρ * (= 3H 2 * /κ 2 ) is an energy density on the inflation scale and ρ * * (= 3H 2 * /κ 2 ) ≪ ρ * . In this way one has
Therefore, inflation is reproduced in the limit ρ * ≪ ρ, as it has been shown in §3.1. At the end of inflation, the Equation of State of the fluid changes and ω ≃ ω eff as long as ρ * * ≪ ρ ≪ ρ * . The choice ω eff = 1/3 can justify the presence of radiation/ultrarelativistic matter in the universe after inflation: otherwise, the reheating is necessary and a further analysis is required. Finally, when ρ ≪ ρ * * , the fluid Equation of State tourns out to be the one of the dark energy and the current cosmic acceleration can be found.
Conclusions
In the present work, we have investigated the inflation in the inhomogeneous viscous fluid representation. Such a general choice of the Equation of State of the fluid permits to realize many cosmological scenarios. In our analysis, we looked for three toy models realizing inflation with different mechanisms, namely with an inhomogeneous EoS parameter whose behaviour changes at the end of inflation turning out the accelerated solution in a decelerated one ( § 3.1), a viscous fluid whose viscosity changes the fluid Equation of State at the end of inflation bringing the universe in a decelerated phase ( § 3.2), and a fluid whose Equation of State permits to find an exact solution which passes from an accelerated to a decelerated phase ( § 3.3). Inflation can be realized from this models in a viable way: solution is always near to the de Sitter one, and the slow roll paramters are small. We found some differences with respect to the scalar theories for inflation, where the slow roll paramters result to be much smaller: typically in these theories the ǫ slow roll parameter behaves like 1/N 2 , while for fluids it goes like 1/N , N being the e-folds number of inflation. As a consequence, the fluid models permit to have de Sitter solutions more perturbated and the spectral index and the tensor to scalar ratio further to one and zero, respectively. This fact may be interesting expecially after the very new BICEP2 experiment results.
In our models we payed attention also on the end of inflation. Thanks to the viscosity we can reconstruct the mechanism at the origin of the reheating, namely we may generate the oscillations of the Ricci scalar during a fluid dominated universe: in this way, the particle production can follow the inflation with or without the coupling of the curvature with the matter fields. An other possibility is given by the conversion of the fluid energy density in radiation one, such that the Friedmann universe contents come from the fluid itself.
In the last section of this work, we presented some considerations about the possibility to unify the early-time acceleration with the last-time acceleration bringing this effects togheter in an unique 'dark' fluid model.
Other works on inhomogeneous viscous fluids and the dark energy issue have been carried out in Ref. [32] , in Refs. [33] - [50] , in Ref. [51] for viscous fluids in Little Rip cosmology, in Ref. [52] for other fluid interactions and in Ref. [53] for fluid perturbations in FRW universe.
